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Equations a re  obtained for determining the tempera ture  field of an oil s t ra tum and the s u r -  
rounding rock  when a hea t - t r ans fe r  agent is pumped into the s tratum. These equations a r e  
derived on the basis of a boundary condition of the third kind at the point where the fluid 
enters  the bed, which corresponds more  closely to the actual pumping conditions than the 
usual boundary condition of the f i rs t  kind. 

One of the mos t  important  problems relat ing to petroleum extraction is the question of the t empera -  
ture field of the oil s t ra tum and the surrounding rock  when a fluid, whose tempera ture  is different f rom 
the initial local tempera ture ,  is injected into the stratum. We propose to consider the following problem. 
Let an incompress ib le  fluid, whose tempera ture  is different f rom the initial local temperature ,  be pumped 
into an infinitely deep s t ra tum through a s traight  shaft located in the plane - ~  < y < +r x = 0, - h  ~ z _< 0. 
It is required t o d e t e r m i n e  the tempera ture  of the s t ra tum in the region 0 < x < +r162 - ~  < y +~r - h  _< z 
_< 0 and the surrounding rock  in the regions 0 < x, y, z <  +r162 and0  < x , y <  +r162 - ~ <  z <  -h .  We make 
the following assumptions [1-3]. 

1) The rocks above and below the s t ra tum have the same thermophysical  propert ies  and a re  im-  
permeable for the fluid. 

2) Heat t r ans fe r  between the fluid and the s t ruc ture  of the s t ra tum is instantaneous. 

3) The rocks surrounding the s t ra tum are  assumed to be thermal ly  anisotropic:  their thermal  con- 
ductivity in the direct ion of the z axis is considered to be equal to their true thermal  conductivity 
and that in the direct ion of the x axis equal to zero. 

With respec t  to the thermal  conductivity of the s t ra tum in the direct ion of the x axis we will consider 
two possibilit ies.  

I. The thermal  conductivity of the s t ra tum in the direct ion of the x axis is equal to the true thermal  
conductivity of the s t ra tum (incomplete lumped-capaci tance model described in [1, 2]). 

II. The thermal  conductivity of the s t ra tum in the direct ion of the x axis is equal to zero (Lauwerier ' s  
model [3]). 

At the point where  the fluid enters  the s t ra tum it is usual to formulate  a boundary condition of the 
f i r s t  kind [1-3] 

u x=o = 1, (1) 
z~----O 

according to which the tempera ture  of the s t ra tum in the plane x = 0 is instantaneously equal to the tem-  
perature  of the pumped fluid. This does not correspond to actual conditions. In fact, if one begins to pump 
into a porous wall with initial t empera ture  T O a fluid whose temperature  at a cer ta in  distance f rom the wall 
is maintained equal to Tf ~ To, then the wall surface tempera ture  does not become instantaneously equal to 
Tf. In [4] it was shown that in the l inear case condition (1) is only approximately co r rec t  at sufficiently 
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large values of the nondimensional time t or the convective parameter 2,/ and that the actual pumping pro- 
cess corresponds to the boundary condition of the third kind employed below. With a boundary condition 
of the  t h i r d  kind the  t e m p e r a t u r e  of the  s t r a t u m  in the  p lane  x = 0 only  g r a d u a l l y  ( t h e o r e t i c a l l y  a s  t ~ ~) 
a p p r o a c h e s  the t e m p e r a t u r e  of the  pumped f luid.  In [4] a b o u n d a r y  cond i t i on  of the  t h i r d  kind was  used  to 
p r o v e  the c o i n c i d e n c e  of the  i n t e g r a l  hea t  l o s s e s  in the  l i n e a r  and r a d i a l  c a s e s .  Below,  th i s  cond i t ion  i s  
u sed  to d e t e r m i n e  the  t e m p e r a t u r e  f i e ld  of the  s t r a t u m  and the s u r r o u n d i n g  r o c k s .  

In the  l i n e a r  e a s e  the  m a t h e m a t i c a l  f o r m u l a t i o n  of the p r o b l e m  in  n o n d i m e n s i o n a l  q u a n t i t i e s  fo r  
m o d e l s  I and II i s  a s  fo l lows  

02u Ou 
, O ~ x ,  z, t ~ +  oo, 

Oz ~ Ot 

Ou Ou du 
a s O2u 2 7 + ~ t - - = - - ,  z = 0 ,  0 < x ,  t < + o o ,  

Ox ~ - ~-x Oz Ot 

Ou _ _ H u )  z=0 = - - H '  
()X x=O 

u [ l = 0 = 0 ;  lim u = 0 .  

(2) 

(3) 

(4) 

(5) 

In the  c a s e  of m o d e l  I a 2 = a 2 / a  2 ,  

t ion  to p r o b l e m  (2)-(5),  s e t t i n g  

u(x,  z, p) = p S u (x, z, t) exp ( - -  pt) dt. 
0 

Solving  the equa t ion  fo r  the  t r a n s f o r m ,  we ob t a in  

~(X, Z, ~2p) ~_~ (P (T1) dT1 a 

o o 2 ( . ~ v  T 

in  the  c a s e  of m o d e l  II a 2 = 0. We a p p l y  a L a p l a c e - C a r s o n  t r a n s f o r m a -  

(6) 

. / z,a 
eric / = dr, 

2 l / t  -- ~i -- v ) (7) 

w h e r e  

q9 (t) = exp ( - -  ct) a J i g  - -  c - -  exp ~ -  V ~ c  
2~ 

•  2 a V - t  ~ ] f ~  + ~ e x p  - - g t -  
4a2t ' 

27H - -  a2H ~ 72 
c :  ~2 ", g - -  jx~a ~ , f = a ~ H - - 7 .  

(8) 

(9) 

Evaluating the inner integral in (7) by applying a Laplace transformation with respect to the variable t - ~-I, 
we finally obtain 

~t2t 

(,x); ( )d, (10, u (x, z, t) = H exp - ~  ~ (xx) erfc 2 V ~ t  T 1 
0 

The func t ion  (10) i s  the  s o l u t i o n  of p r o b l e m  (2)-(5). W e  wi l l  now c o n s i d e r  m o d e l s  I and II  s e p a r a t e l y .  

I. I n c o m p l e t e  L u m p e d - C a p a c i t a n c e  Model .  In (10) we s e t  

a 2 -  a~ 

A f t e r  c e r t a i n  t r a n s f o r m a t i o n  th i s  g i v e s  

(11) 
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1 

a .x 

0 

(2yx  ~ erfc ( YS-~a F + 2as-Xv~_)) erfc(  z+~ ' s ] / -F  --: ys exp ~ - ~ - - ]  2 V - ~  ) ds. (12) 

Equation (12) de termines  the s t ra tum roof temperature .  

In order  to obtain the s t ra tum tempera ture  it is sufficient to set  z = 0 in (12) 

l 

Us(X , l)~u(x, O, t)~2Ht~{~exp[--(V~sa V"F 
0 

- -ys  exp(~, a~2vx ] ]  er~e ( ?SaVt- - - - ~  2aX]/T)} erfc (\2]/-T~-~]~t's]/-t- ] ds. (13) 

In part icular ,  the tempera ture  at the point where the fluid enters  the s t ra tum is equal to 

1 ;a Uo(0,o t ) = 2 H t  { v y ~ e x p  ( - \  ?'iS'a, ]~--yserfc ~?S~at ,} erfc "2V ~ s 2  ~t's]fF ~ ds. 
0 

(14) 

Equation (13) gives the maximum e r r o r  introduced by using a boundary condition of the f i r s t  kind (1) in- 
stead of a boundary condition of the third kind (4). This e r ro r  may be of the order  of unity, since f rom (14) 
it follows that 

lira Us(0, t)----0; lim Us(0, t )--0.  (15) 
t--*+0 Q ~ + 0  

t > 0  

Accordingly, in the l inear case it is preferable  to employ Eqs. (12) and (13) for calculating the t em-  
perature  field of the s t ra tum and the surrounding rock ra ther  than the equations obtained in [1] with bound- 
a ry  conditions of the f i rs t  kind (1). 

II. Lauwerier  Model. Passing to the limit in (10) as a 2 ~ +0, making the substitution t - -r/p 2 = 4, 
and integrating by parts ,  we obtain 

I • erfc 27 1 ~t (z + ~tt) 
7 x 2~H 1/-~ exp 2 

2 t - - - ~ -  

t_ x__~ 2'~ 

S ~ , 4 ~ 4~ , V"~- 
0 

x 

t-2~- 
z +~tt 

0 

~t ~ - -  8TH 
(16) 

where  

I X 0, t < - - ,  

1, t ~  • " 
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In o r d e r  to eva lua te  the i n t e g r a l s  in (16) we e m p l o y  the f o r m u l a *  

l 

exp - -  ~z'~ - -  �9 = "d n exp ( - -  2 { / ' ~ )  
, 1 ~-r -~ d{] ~ 20~ 

0 T 

x erfc ( ] / / / t ~  - -  ]fl~7) - -  exp (2 ]/a-~ ) erfc ( ~ - / ~ -  @. ] f~ - ' )  ] 

( n = 0 ,  1, 2 . . . .  ). 

Then (16) t akes  the f o r m  

u ( x , z , t ) =  erfc 2? 1 exp t*(zq-btt)  _ 2 7 H  t - -  x 
V x 2 2 

2 t - -2 - -  }- 

[( +,)oxp( 
2 2 1  2~ 

(17) 

z + . t  + |/(,' - 8vn)  t - - g v  ~ t - ~ . (18) 

1/-z- • erfc 2 t 2? 

The funct ion u(x, z, t), g iven  by Eq. (18), i s  the so lu t ion  of p r o b l e m  (2)-(5) a t  a 2 = O, i .e . ,  an  e x -  
t ens ion  of the L a u w e r i e r  equa t ion  [3] to the c a s e  of a bounda ry  condi t ion of the th i rd  kind. The  f i r s t  t e r m  
in (18) co inc ides  with L a u w e r i e r ' s  e x p r e s s i o n  [3], which does  not depend on the t h e r m a l  conduc t iv i ty  of the 
s t r a t u m  ~'s- The  r e m a i n i n g  t e r m s  of Eq. (18) t ake  the t h e r m a l  conduc t iv i ty  of the s t r a t u m  p a r t i a l l y  into 
account .  If in (18) we se t  ~s = 0 (i .e. ,  H - -  ~), then  al l  the t e r m s  in (18), a p a r t  f r o m  the f i r s t ,  wil l  be equal  
to z e r o  and Eq. 08)  goes  o v e r  into the L a u w e r i e r  e x p r e s s i o n  [3]. As be fo re ,  r e l a t i o n  (16) holds  fo r  Eq. 
(18), and t h e r e f o r e  the e r r o r  in t roduced  by us ing  L a n w e r i e r ' s  e x p r e s s i o n  [3] in s t ead  of (18) m a y  be of the 
o r d e r  of unity.  

If in (18) p2 < 8TH, then one m u s t  m a k e  the t r a n s f o r m a t i o n  

erk (a + i~) = 1 - -  g-~-- 

0 

The  funct ion  i exp (y2)dy is  t abu la ted  in [6]. 
0 

u(x ,  z ,  t) = [T(x ,  z ,  t) 

- T o ] / ( T f  - -  TO) 

Us (x, t) = u(x ,  0,  t) 
T(x,  z,  t) 

To 
Tf  = cons t  
x = 2 x / h ,  z = 2 z / h ,  
t :44V/h~ 
h 

a2s, a2r, ~s, ;tr 

8--=i 

2i S exp(--$~)d~ = l - -  ]/--~ exp(y~)dg. (19) 

0 

NOTATION 

i s  the nond imens iona l  roo f  t e m p e r a t u r e ;  
i s  the nond imens iona l  s t r a t u m  t e m p e r a t u r e ;  
i s  the d i m e n s i o n a l  roo f  t e m p e r a t u r e ;  
i s  the in i t ia l  t e m p e r a t u r e  of the s t r a t u m  and the s u r r o u n d i n g  r o c k s ;  
is  the fluid t e m p e r a t u r e  a t  a c e r t a i n  d i s t ance  f r o m  the e n t r a n c e  to the s t r a t u m ;  

a r e  the nond imens iona l  c o o r d i n a t e s  and t ime ,  r e s p e c t i v e l y ;  
i s  the t h i cknes s  of the s t r a t u m ;  
a r e  the t h e r m a l  d i f fus iv i t i e s  and t h e r m a l  conduc t iv i t i e s  of the s t r a t u m  and the roof ,  
r e s p e c t i v e l y ;  

* F o r - b r e v i t y  the d e r i v a t i o n  of Eq. (17) has  been  omi t ted .  
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Cs, Cr, cf 
2 2 2 

a = as/a r 
2"/ = Qcf/2a2rCs 
Q 

= C r / C s ;  
H = Q e f / 2 h  s.  

a r e  the  v o l u m e  s p e c i f i c  h e a t s  of the  s t r a t u m ,  the  roof ,  and the f luid;  
i s  the  c a s e  of m o d e l  I, a 2 = 0 in the  c a s e  of m o d e l  II; 
i s  the  convec t i ve  p a r a m e t e r ;  
is  the  v o l u m e  f low r a t e  of i n j e c t e d  f lu id  p e r  l i n e a r  m e t e r  of the  shaf t ;  
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